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Plan of the talk:

1. Preliminaries and notation

2. Dimension of spaces of holomorphic sections
vanishing along subvarieties

3. Envelopes of quasiplurisubharmonic functions
with poles along a divisor

4. Convergence of Fubini-Study currents

5. Zeros of random sequences of holomorphic sections
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1. Preliminaries and notation
X compact complex manifold, dim X = n, w Hermitian form on X
d=0+09, d°=2(0-9), dd° =100
If v is a smooth real closed (1,1)-form on X, we let
PSH(X,a) ={¢: X > RU{—0o0}: ¢ qpsh, a+ dd“p > 0}.
v(p,x) = v(a+ ddp, x) is the Lelong number of ¢ at x € X
H;g(X,R) = {{a} 45 : o smooth real closed (1, 1)-form on X}

Since X is compact, H;’gl(X,R) is finite dimensional. A class {a} 5 is big
if it contains a Kahler current (positive closed (1,1) current T > cw).
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If {a} 45 is big then, by Demailly’s regularization theorem,
3T € {a},45 Kahler current with analytic singularities, i.e.

T=a+dd > ew, where ¢ > 0, ¢ = clog (ZN: |gj\2) + x locally on X,
with ¢ > 0, x a smooth function and g hoIomérzp)lhic functions.
Non-ample locus of {a} 55

NAmp ({a}y5) = ﬂ {EL(T): T € {a}yz Kahler current},
where E4(T) ={xe X : v(T,x) > 0}.

Boucksom: 3T € {a}y5 Kahler current with analytic singularities such
that E4(T) = NAmp({a}3)-

Hence NAmp({a},p) is an analytic subset of X.

Coman, Marinescu, Nguyén Sections vanishing along subvarieties June 3, 2021 4/25



Plurisubharmonic (psh) functions and currents on analytic spaces
X irreducible complex space, dimX =n, X.e, Xing

@ X = [—00,00) is (strictly) psh if for every x € X there exist:

7: U C X — G cCNlocal embedding, and
¢ : G — [—00,00) (strictly) psh with |y, = @gor.

Set Q5% (U) :=77(25°(G)), where 7% : Q2 (G) — Q57 (U N Xieg)-
Dp q(X) C Q5. (X): space of smooth (p, g)-forms with compact support.
Dual Dj, ,(X): space of currents of bidegree (n — p,n — q) on X.

T(X) C D;,_1.,_1(X) positive closed currents with local psh potentials.

Kahler form on X: w € T(X) with smooth strictly psh local potentials.
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Singular Hermitian holomorphic line bundles
X compact, irreducible, normal complex space, dim X = n

7 : L — X holomorphic line bundle on X:
X = Ua, Uy open, gop € Ox(Us N Ug) are the transition functions.
HO(X, L) = space of global holomorphic sections of L, dim H%(X, L) < oo

Singular Hermitian metric h on L:  {pq € L} (Uy,w™)}o such that

loc

Yo = ¢+ loglgas| on Ua N Ug, |eq|n = €% (e, local frame on U,).
The curvature current c1(L, h) € D;,_; , 1(X) of h:

a(L, h) = ddpa on Uy N Xeeg.

If c1(L, h) > 0 then ¢, is psh on U, N Xieg, hence on U, (X is normal). So
C1(L7 h) € T(X)
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2. Dimension of spaces of holomorphic sections vanishing along
subvarieties

X compact complex manifold, dim X = n, L — X holomorphic line bundle
LP:=L®P,  HO(X, LP) = space of global holomorphic sections of LP

Siegel's Lemma: 3 C > 0 such that dim H°(X, LP) < Cp" for all p > 1.

1
A line bundle L is called big if limsup — dim HO(X,LP) > 0.

p—oo P
If L is big one can show that 93¢ > 0, pg > 1, such that

dim HO(X, LP) > cp"for all p > py.

Ji-Shiffman: L is big if and only if 3 h singular Hermitian metric on L
such that ¢ (L, h) is a Kahler current.
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(A) X is a compact, irreducible, normal complex space, dim X = n.
(B) L is a holomorphic line bundle on X.

(C) X =(X1,.--,%0), Xj € Xqing, are distinct irreducible proper analytic
subsets of X.

H8(X, LP) space of sections vanishing to order > 7jp along ¥;, 1 < j </

tp=1 " ToPEN yci<e pa1.
lipl +1 ifjp ¢ N

HY(X, LP) = H(X,LP,,7) := {S € H'(X,LP): ord(S,%;) > t; o}

1
We say that the triplet (L, X, 7) is big if limsup o dim HJ(X, LP) > 0.

p—00

Coman, Marinescu, Nguyén Sections vanishing along subvarieties June 3, 2021 8 /25



Characterization when X is a complex manifold and dim¥; = n — 1:
Theorem 1

Let: X compact complex manifold, dim X = n, L holomorphic line bundle
on X, ¥ =(X1,...,%), 7= (71,...,7¢), where ¥; are distinct irreducible
complex hypersurfaces in X, 7; € (0,+00). The following are equivalent:

(i) (L,X, 1) is big;

(ii) There exists a singular Hermitian metric h on L such that

14

a(L,h) =) 7zl

Jj=1

is a Kahler current on X, where [¥;] is the current of integration along ¥ ;;

(iii) 3¢ > 0, po > 1, such that dim HO(X, LP) > cp" for all p > po.
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Proposition 2

Let X, X verify (A), (C). Then there exist a compact complex manifold X,
dim X = n, and a surjective holomorphic map w : X — X, given as the
composition of finitely many blow-ups with smooth center, such that:

(i) 3Y C X analytic subset such that dimY <n—2, Xsin, C Y, X, CY
ifdimY¥; <n—-2,Y C Xging U Ujf:lzj, E = 7Y(Y) is a divisor in X that
has only normal crossings, and m : X \ E — X \ 'Y is a biholomorphism.
(ii) There exist smooth complex hypersurfaces il, . ,iz in X such that

w(ij) =Y, IfdimX¥; = n—1 then ¥ is the final strict transform of ¥,
and ifdim¥; < n—2 then ¥; is an irreducible component of E.

(iii) If F — X is a holomorphic line bundle and S € H°(X, F) then
ord(S,%;) = ord(7*S,X;), forall j=1,... L.
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If X, 7, &= (Zl, . fg) verify the conclusions of Proposition 2, we say
that (X, 7, %) is a d|V|sor|zat|on of (X,X).

Theorem 3

Let X, L, X, T verify assumptions (A)-(D). The following are equivalent:
(i) (L,X,7) is big;

(i) ¥ (X, 7, %) divisorization of (X,¥), 3h* singular metric on *L such
that ¢y (m*L, h*) — Zf 1 7'1[): | is a Kahler current on X;

(iii) Assertion (ii) holds for some divisorization (X, 7, %) of (X,X);

(iv) 3¢ >0, po > 1, such that dim H§(X, LP) > cp" for all p > py.
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Theorem 3 follows directly from Theorem 1 since, by Proposition 2,

H(X, LP, ¥, 7) = HY(X, n*LP, ¥, 7), Vp > 1.

Theorem 3 has the following interesting corollary:

Corollary 4

Let X, L, X, 7 verify assumptions (A)-(D). Assume that dim¥; =n—1
and let Z} C X be distinct irreducible proper analytic subsets such that
Zj- ¢ Xsing, j=1,...,4. Ford >0 set

Y =(Z1,..., X025, T = (1, e, 1+ 6y, o+ D).

If (L,X,T) is big, then (L,X',7") is big, for all § > 0 sufficiently small.

Coman, Marinescu, Nguyén Sections vanishing along subvarieties June 3, 2021 12 /25



3. Envelopes of gpsh functions with poles along a divisor

X compact complex manifold, dim X = n, w Hermitian form on X,
dist = distance on X induced by w

Y ; C X irreducible complex hypersurfaces, 7; > 0, where 1 < j < /.
Write ¥ = (Zl,.. .,Zg), T = (7‘1,...,7‘@),

Let: « be a smooth closed real (1,1)-form on X,
gj smooth Hermitian metric on Ox(X;),

sy; be the canonical section of Ox(%;), 1 <j </,

‘
Bi = c(Ox(%)).g), 0=a—Y 7B, 0j:=sglg-

j=1

Lelong-Poincaré Formula:  [¥;] = f; + dd€ log o;

L(X,o,x,7)={Y € PSH(X, ) : v(¢),x) > 7, VxeX;, 1 <j< [t}
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Given ¢: X - RU{—0c0} we consider the following:

AX,a, X, 7, 0) ={¢ € L(X,0,X,7) : ¥ < p on X}
A/(X7 Q, Za T, SO) =

J4 4
= {u' ePSH(X,0): ¢/ <~ Y 7jlogaj on X\ | %}

j=t j=t

Peq = Peq,X,7 — 5UP{¢ . 1/} S A(Xa a, Z? T, <)0)}
= equilibrium envelope of (a, X, T, )

Preq = Preq,x,7 = Sup{wl : ¢/ € A/(X7 a, X, 7, 0)}
= reduced equilibrium envelope of (o, X, T, )

Motivated by the notion of equilibrium metric associated to a Hermitian
metric on a holomorphic line bundle (Berman, Ross-Witt Nystrém).
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Proposition 5

Let X, X, T,c,0 be as above, and let ¢ : X — RU{—o0} be an upper
semicontinuous function. Then the following hold:

(i) PSH(X,0) 2 ¢/ = ¢ = ¢ + 3F_y jlogoj € L(X,a, T, 7) is well
defined and bijective.

(ii) 3 C > 0 such that supyx 1)’ <supx ¢+ C, Vo' € A'(X,a, X, T, ).

(i) A(X, o, 2, 7,p) # 0 if and only if A'(X,a, X, 7,¢) # 0. In this case,
¢

Preq € AI(Xv o, 2,7, ‘P)r Peq € A(Xa o, 2, T, (P)r Peq = Preq T Z Tj log aj.
j=1

(iv) If v is bounded and there exists a bounded 6-psh function, then ¢req

is bounded on X.

(v) If PSH(X,0) # 0 and @1, @2 : X — R are u.s.c. and bounded, then
Preq = SUP[P1 = 2| < P2req S P1req +5UP |ip1 = 2| holds on X.

V.
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Regularity properties of the equilibrium envelopes

Definition 6
¢: X — [—00,00) is Holder with singularities along a proper analytic
subset A C X if there exist constants ¢, 0 > 0 and 0 < v < 1 such that

c dist(z, w)"”
|6(z) — p(w)| < min{dist(z, A), dist(w, A)}¢

, Vz,w e X\ A.

We use the regularization techniques developed by Demailly,
Berman-Demailly.

They were employed to study the regularity of envelopes of Holder
continuous or Lipschitz functions by Dinh-Ma-Nguyén, Ross-Witt
Nystrom, Darvas-Rubinstein.
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Theorem 7

Let (X,w) be a compact Hermitian manifold of dimension n, ¥; C X be
irreducible complex hypersurfaces, and let 7; > 0, where 1 < j < (. Let o
be a smooth closed real (1,1)-form on X and

y4
0 =uo — erﬁj, where ﬂj = Cl(ﬁX(zj)7g:i)‘

Jj=1

Assume that the class {0} ,5 is big and let Zy := NAmp ({6} ,5).
Then the following hold:

(i) If ¢ : X — R is Holder continuous then yoq is Holder with singularities
along Zy, and q is Holder with singularities along >1 U ... U X, U Zp.

(ii) If p : X — R is continuous then @ycq is continuous on X \ Zy, and peq
is continuous on X \ (X1 U...UX, U Zp).

v
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4. Convergence of Fubini-Study currents

Assume: X, L, ¥, 7 verify (A)-(D), 3w Kahler form on X, hg is a fixed
smooth Hermitian metric on L, h is a singular metric on L. Write

o= c(L, ho), h=hoe ", so ci(L,h) =+ ddp.

@ € LY(X,w") is called the (global) weight of h relative to hy.

h is called continuous, resp. Holder continuous, if ¢ is as such on X.

H(Oz)(X , LP) = Bergman space of L?-holomorphic sections of LP relative to
the metric hP := h®P on LP and volume w" on X

(5.5 = [ (5.5 %5 ISIE = (5.5),

We assume in the sequel that the metric h is continuous and consider

HR (X, LP) C HO(X, LP) = Hypy (X, LP).
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.
dim HO(X,LP) =d,+1, SP,...,SP orthonormal basis of H(X, LP
0 p 0 dp 0

Z |S7(x) )25, x € X (partial) Bergman kernel of HJ(X, LP)

Let U C X open, such that L has a local holomorphic frame ey on U:

leuln = e~#v, SP = sPeP, where py € L (U,w"), 5 € Ox(U).

1 P
Yp lu= 5 dd€ log (Z |sf|2) Fubini-Study current of H3(X, LP)
j=0

Have: log P, |y= log (Z |sp| ) —2ppy, sologP, e L1(X,w")
Jrary
=0 = a(L, h) + 55 dd®log Pp = o + dd“gp,

Yp =+ ﬁ log P, = global Fubini-Study potential of .

Note that ¢, is an a-psh function on X.
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|
Theorem 8

Let X, L, X, T verify assumptions (A)-(D), assume that (L, X, T) is big and
there exists a Kahler form w on X. Let h be a continuous Hermitian metric
on L. Then there exists an a-psh function ¢.q on X such that, as p — oo,

1
/ lop — Peq| W™ — 0, 5 Yo =a+ddpp = Teq = o+ ddpeq,
X
weakly on X. If h is Holder continuous then 3 C > 0, pg > 1, such that

lo
/|S0P @eq’w <C ip, fOfa”pro.

Definition 9

The current Toy from Theorem 8 is called the equilibrium current
associated to (L, h, X, 7).

v
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Construction of ¢.,: Let (X, 7, %) be a divisorization of (X, ¥) and set

L:=7"L, hy:=m"hy, a:=n'a= ci(L, ho),

P:=pom, h:=m"h= hye 2?.
Recall that ~ HJ(X, LP) = HO(X, LP, X, T, hP w").
The map
S e HY(X,LP) = 7*S € HY(X, LP) = H)(X, [P, %, 7, hP, m*w")
is an isometry, so
5p: Poom, Ap=m"p,
are the Bergman kernel function, resp. Fubini-Study current, of Hg()N(,Zp).

1 . . . . - ~
Have: =7,=a+ ddc(pp, where ¢, = ¢ + ﬁ log P, = ppom.
p
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Recall:

L(X,&,%,7) = {1 € PSH(X,d) : v(ih,x) > 7, ¥x€X;,1<j <}

Peq = o5, = SUP{¥: ¥ € L(X,& %, 7), ¥ <& on X}
Have:  @eq € L(X,a,%,7), Peq < P on X.
Fix a Kihler form @ on X such that & > mrw.

Theorem 10

In the setting of Theorem 8, we have @p — Poq in LY(X,3&") as p — co.
If ¢ is Holder continuous on X then there exist C > 0, pg > 1, such that

o~ I
/~|<Pp—<Peq|w"§ C%, for all p > po.
X

v
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(X, m,¥) divisorization of (X,X): 3Y D Xsing an analytic subset of X,
dmY <n—-2 E=7"YY), 7: X\ E— X\ Y is a biholomorphism.

Define  ¢eq i= Peqom L on X\ Y C Xieg. Then, as p — oo,
/ [¥p — Peq| w" = /~ |8p — Peq| TW" < /~ [Pp — Peq| 0" — 0.
X\Y X\E X

a~+ ddpeq = m(a+ dd Peq) > 0, SO peq is a-psh on X\ Y.

Since X is normal and dim Y < n — 2, we have that ¢, extends to an
a-psh function on X:

If U C X is open and p is a smooth function on U with dd°p = «, then
V= p+ peq is psh on U\ Y, hence it extends to a psh function on U.
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5. Zeros of random sequences of holomorphic sections

Projectivization of spaces of holomorphic sections

X, := PHY(X, LP), dp:=dimX, = dim H)(X,LP) =1, op:= wi?.
oo
Product probability space  (Xoo, 000) 1= H(Xp,ap)
p=1

Using the Dinh-Sibony equidistribution theorem for meromorphic
transforms we obtain:

Theorem 11

Let X, L, X, 7 verify (A)-(D) and h be a continuous Hermitian metric on L.
Assume that (L, X, T) is big and there exists a Kihler form w on X. Then

1
- [sp = 0] = Teq, as p — oo weakly on X, for oog-a.e. {sp}p>1 € X .
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|
Theorem 12

Let X, L, X, 7 verify (A)-(D), and h be a Hélder continuous Hermitian
metric on L. Assume that (L,%,T) is big and that there exists a Kahler
form w on X.

Then there exist constants ¢ > 0, pg > 1, and subsets E, C X, such that
for all p > pg we have:

(a) op(Ep) < cp2,

(b) if s, € X, \ Ep we have

1 clogp
(o =01 Tea6)| < S22 0ller, Vo € 620,01(X).

In particular, the estimate from (b) holds for ooc-a.e. {sp}p>1 € Xo if p is
large enough.

v
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